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Abstract. The kinetics of energy production during different grades of activity has
been described in terms of rate constant and workload for submaximal, maximal
and supermaximal exercises. Equations have been derived for the aerobic and
anaerobic components of energy production for the three cases. The theoretical
approach has been validated with the available experimental data.
I. Introduction
When mechanical work is performed say on a bicycle ergometer at a given rate, the
body has to produce energy at a rate determined by the mechanical efficiency for the
particular task. The difference between energy produced and mechanical work
performed is dissipated as heat]. However, when a resting man starts the work, he
cannot instantaneously raise his energy production to the level demanded by the
workload. A finite time interval is required to attain the peak value of energy
production2'3. During this interval, part of the energy demand is met aerobically by
oxygen consumption4'5. The balance is met anaerobically resulting in progressively
increasing oxygen deficit which is repaid during recovery period6-8.
The problem that poses itself is how rate of energy production is related to time
during the transient phase before attaining the steady state. The kinetics of energy
production bas been studied by some workers9-12. The findings are contradictory in
respect of half time of oxygen uptake (V 02 ). Whereas it bas been reported by some
workers9,13 that the pattern of V 02 rise in steady state can be described by an expo-
nential function and that the rate constant is the same for all workrates. OtherslO-12
have observed an increase in the half time of V 02 response as work intensity increased.
The work intensity in these studies mostly appear to be submaximal work. It is thus
seen that the kinetics of energy production bas not been studied for supermaximal
work.
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The object of the present study is to investigate the kinetics of energy production
and the related aerobic and anaerobic components from the stand point of a bio-
mathematician in all grades of work viz. submaximal, maximal and supermaximal.
2. Proposed Theoretical A pproach
Let y be the instantaneous value of energy production at time t after starting the
exercise. Let Yo be the initial value (pre-exercise value) of y, and yw, the value
demanded by the specific workload. As soon as work is started, the physiological
process involved, attempts to make y approach to yw as demanded by the exercise.
At any instant t the rate of approach to yw i.e. dyfdt should be proportional to the
instantaneous gap between yw and y. This may be expressed mathematically as
~ = k (yw-y) (I)
where k is the rate constant likely to depend on the individuals physical status and
possibly on the nature or work. Integration of Eqn. (I) yields
kt (2)In (y..-y) =
with initial condition that
y = Yo at t = 0, Eqn. (2) reduces to
(3)In (yw Yo) = (
substituting this value in Eqn. (2), we get
(4)
Eqn. (4), can therefore be used to predict the rate of energy production y at any
instant t after the start of the exercise. Fig. 1 gives the theoretical shape of the
exponential growth curve relating y to t. The figure has been drawn with three assu-
med values of k (kl < k2 < k3). It is seen that higher the value of k, quicker the
approach to the equilibrium level, k being the rate constant.
While the above is true for submaximal exercise (yW<Ym) and maximal exercise
(Yw = Ym), this will be far from justified in the case of supermaximal work (Yw>Ym),
where Ym is the individual's maximum value of energy production. The theoretical
growth part of the curve follows the same theoretical equation till the maximal value
Ym is reached (Fig. 2). Thereafter, instead of following the theoretical curve shown
by the dotted portion, Y remains stationary at the value Ym till the endurance is reach-
ed, shown by the cut off point C. The actual growth curve is represented by the
thick line ABC.
207Biomathematical Study of the Kinetics of Energy Output
y
Figure 2. Relationship between y and t in supermaxlmal exercise for fixed I<
(schematic).
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Time Course of Aerobic and Anaerobic Energy Production
Case I. Submaximal Work : Let us consider the growth curve ABC in Fig. I,
corresponding the velocity constant k2° The vertical line ED is drawn at the time t,
intersecting the curve ABC at B. The aerobic energy cost of the work upto time t
will be given by the area enclosed by the curve AB, vertical line BD and horizontal
line AD. Denoting it by E..(t), we have
(5)
substituting the value of y from (4) in (5) we get
(6)
t
Ea (t) = (Yw -Yo) I [1- exp (- kt)]
o
which after integration and simp1ification becomes
Ea (I) = (yw -Yo) [/- -}{I-eXp(-kt)}] (7)
Let us now evaluate anaerobic cost of submaximal work upto time t. We note
that the total cost of the work upto time t is given by the area of the rectangle A DEF
in Fig. 1, being equal to (yw- Yo)t. Hence the anaerobic cost Ea..(t) will be obtained
by substracting Ea(t) from the total cost. In other words
Ea..(t) = (Yw-Yo) t-Ea(t)
substitution of the value of Ea(t) from Eqn. (7) leads to
Ean(t) = ¥ [l-exp ( -kt)] (8)
By making t-+oo, we obtain the value of maximum anaerobic cost of the given sub-
maximal work load as
(9)
Case 2: Maximal Work: All the equations developed under submaximal work
are applicable to maximal work as well, provided yw is replaced by ym, the maximum
rate of energy production by the individual. In particular. aerobic cost of maximal
work upto time t will be given from Eqn. (7) by
Eu(t) = (Ym-.Vo)[ t- f{l-exp (-kt)}] (10)
and the anaerobic cost of the same maximal work upto time t will be given from
Eqn. (8) by
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Further, the maximum anaerobic cost of the maximal work (t-oo) will be
Eon (00) = (Ym-Yo)
k
It may be noted, however that maximal work cannot be performed for an indefinite
period, endurance time depending upon the level of physical training of the individual.
Ca.l'e 3: Super Maximal Work (Yw > Ym):
In this case, the growth curve upto the cut off point (endurance time te) consists
of two distinct intervals, i.e., from A to B and from B to C in Fig. 2. Let the values
of t corresponding to points B and C be denoted by tm and te respectively. Here tm
represents the time taken to reach the maximal rate of energy production Ym and te
denotes the endurance time corresponding to the cut off point.
By substituting tm for t and ym for y in Eq (4), we get
ym = yw -(Yw -'- Yo) exp (- kIm)
whence
1 (Yw--Yo)
-In
k (Yw-Ym)
Let us now consider the two intervals O < t ~ tm and tm < t < t~ separately.
IntcrvalO < t ~ tm: In this case all the equations of submaximal (Case I) will be
applicable.
lntl!rval tm < t < tB : The situation is schematically described in Fig. 2, in which
vertical lines HJK and MRN correspond to t and t". respectively. The aerobic cost,
Ea (I) of the work upto time I will be given by the shaded area ARJHA which is the
sum of two areas ARM, as given by Eqn. (7) with I replaced by Im, and area MRJH
equal to (y", -Yo) (/- tm). Hence the aerobic cost of the work will be given by
Yo) i .k tm) } (Ym-yo) (t-tm)Ea (t) = (Yw -exp (k
which on simplification leads to
(14)Ea (I) = (Ym -Yo) I + (Yw-ym) Im
In the same way the anaerobic cost Ean(t) of the work upto time t will be given by
the area ABJKF which is the sum of the two areas, ABNF and BJKN. The former
is given by the Eqn. (8) while the latter being that of a rectangle, is equal to (Yw-Ym)
(t- tm). Thus the anaerobic cost will be given by
(Yw-ym) (1. tm) (15)
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3. Evaluation of the Parameters of the Kinetics of Energy Production
One of the most important parameters in the kinetics of energy production during
the transient phase is the rate constant k. Its knowledge is essential in the study of
the build up of energy production, both aerobic and anaerobic. It is particularly
useful in working out the aerobic and anaerobic fractions of total energy cost of the
physical work at all levels, viz., submaximal, maximal and supermaximal. Two other
parameters in the case of submaximal work are Yo, the pre-exercise energy production
and Yw, the energy demand of the workload. For maximal and supermaximal work,
a third parameter is Ym, the individual's maximum rate of energy production. Methods
for their evaluation are suggested below:
M e1hod 1. General M e1hod : This method will be particularly useful when the
workload is not known or specified. We choose three equispaced points on the
growth curve, viz.
(h, yJ. (12, Y2) and f3, Y3) such that (f2~tJ = (13-12). From Eqn. (4) it follows
that
Yl = Yw -(Yw -Yo) exp ( -ktJ
Y2 = YW -(YW -YO) exp ( -kt2)
Y3 = Yw -(YW -YO) exp (-kt3)
The above may be rearranged as
(Yw- Yo) = exp (ktJ
(Yw-yJ
(Yw-Yo)
(;;;=Y;)
= exp (kt2)
(Yw- Yn) = exp (k t3)
<YW- Y3)
(19)
Dividing (18) by ( 17) and also (19) by (18), we obtain
and
(Yw --=-~ = exp [k (13- 12)]
(YW-Y3)
since the RHS of both the above equations are equal, it follows that
(Vw- yl)
(Yw -.V2)
-~
-(yW-y3)
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from which }'II/ is solved as
(23)
2
y --Yl Ya-Y2W-
Yl+Ya-2y2
From Eqn (20), we find the expression for k as
k = ~ In ~---&
(t2-tJ (VW-Y2)
After eliminating yw with the help of Eqn. (23), we obtain the final expression for k as
Yo == yw -(y'.-yJ exp (ktJ (25)
We see from the foregoings that with the help of any three equispaced points on
the (y, t) graph, all the three parameters, viz., yw, k and Yo can be estimated as given
by Eqns. (23), (24) and (25). Since a ratIo of small differences is involved, reasonable
accuracy can be achieved only by making the time interval (t2 -tJ relatively large.
Hence the method is not suitable for supermaximal exercise for which the total dura-
tion of work is small.
Method 2: For Specified Workload: Let the specified workload be yw in terms of
rate of energy production. Equation (4) can be put in the form
In (Yw- y) = In (Yw- Yo) (26)
so that In (Yw -y) plotted against t should yield a straight line with a negative slope
equal to-k. The intercept on the ordinate axis (t = 0) gives the value of In (Yw-Yo).
Hence Yo can be estimated. Since Eqn. (26) is a first degree linear equation the two
constants can be determined more accurately by the statistical method o(least squares.
M ethod 3. For Known Workload and Pre-exercise Energy Production: Let yw be the rate
of energy production for specified workload and }'0' the pre-exercise rate of energy
production, then Eqn. (4) can be put in the form
,- (vw-vJIn " --= kt (27)(Yw-Y) , .
Thus In «Yw-Yo ) ) plotted against t should yield a straight line passing through the
jw-Y
origin. The slope of the line gives k. However the best value of k will be obtained
statistically with the help of the formula
k = 1: In [(yw -Yo)/(Yw-Y)] (28)
}:; t
For reliable estimate of k, values of y too close to yw should be omitted because
otherwise the error will be magnified many times. However this problem will not
arise in the case of supermaximal work.
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4. Validation of the Proposed Theory
In order to validate the proposed theoretical approach outlined in the foregoing,
available experimental data for submaximal and supermaximal exercise on bicycle
ergometer were utilised. The data for submaximal exercise were obtained in our
laboratory while those for submaximal and supermaximal exercise were obtained
from Astrand and Rodha)14.
Submaximal Exercise
Minute by minute data on oxygen uptake in I. min-I at a fixed level of work of
800 kgm min-Ion bicycle ergometer were obtained for 6 normal, healthy young male
subjects with mean age, height and weight being 24.2 yr, 166.2 cm, 52.7 kg respecti-
vely. The average values alongwith standard error of mean are presented in Table I.
Table I. Time course of oxygen uptake (I min-I) during submaximal exercise of
800 kgm min-1; Values are averages of six subjects.
s. No. Time
(mill)
Observed
oxygen uptake
(I min-I)
Estimated
oxygen uptake
(I min-J)
Maximum
oxygen uptake
capacity (V.I max)
(I min-t)
0.5 0.909
:!:0.108
1.371
:!:0.085
1.741
:!:0.092
1.861
:to.093
2.063
:!:0.116
2.003
:to.108
2.005
:!:0.082
1.963
j::0.121
2.070
:to. 108
2.064
:1:0.139
0.877
2. 5
3. 2.5
.735
4. 3.5 1.889 2.448
:to.O90
5. 4.~
6. 5.5 2.011
7. 6.5
8. 7.5
9. 8.5 2.050
9.5 2.054
Mean y", = 2.042
(The mean yw has been calculated as the mean of individual values of observed oxygen uptake
of 6 subjects from 5 min to 10 min).
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Figure 3. Theoretical curve and experimental points in submaximal exercise
(800 kg m min-Ion bicycle ergometer (average of six subjects).
Expressing energy production in terms of oxygen uptake inl min-I, the observed
values have been plotted against time t in Fig. 3, which clearly exhibits an exponential
trend. A smooth curve was fitted to these points with the help of french curves.
From this curve, 4 sets of three equispaced points each, were read and recorded in
TabJe 2 The value of 1, was estimated from each set according to general method I.
Table 2. Estimation of rate constant k from observed (1! y) values,
s. No. Oxygen uptake .v
(I min-I)
Time t
(min)
Rate constant
(k min-I)
0
2
4
0.5
2.5
4.5
0.5
3.0
5.5
1.0
3.0
5.0
0.287
1.57
1.91
0.909
1.74
1.95
0.909
1.80
2.0
1.14
1.80
1.98
2
3
4
Weighted mean k = 0.650
1. f
1.0
0.8
0.6
0.1.
02
0
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The values obtained are reasonably close to one another, the average of the four
value~ being 0.650 min-I. Withthe knowledge of k, we now proceed to evaluate the
con~tants of Eqn. (4), viz., y = yw -(Yw -Yo) exp ( -kt). Exp ( -0.650 t) was com-
puted for all the points in Table 1 and corresponding y values were plotted in Fig. 4,
which exhibits an apparently good linear relationship. A straight line was fitted to
these points by least square method. The final equation obtained is
y = 2.057 -1.632 exp ( -0.650 t) 1 min-I (29)
This equation is shown by the regression line (Fig. 3) and is represented by expo-
nential curve with yw = 2.057. The goodness of fit is quite apparent. The yalues of
y, estimated from Eqn (29). have also been presented in Table I. The correlation
coefficient between observed and estimated values of oxygen uptake is 0.99 which is
highly significant (P L 0.00 I ).
Supermaximal Exercise
Astrand and Rodahl'4 have given experimental curves showing increase in oxygen
uptake of a single subject during heavy exercise on bicycle ergometer following a 10
min warm up period. Oxygen uptake in 1 min-I has been plotted against time in
minute for 5 different workloads. V 02 max of the subject was 4.10 1 min-I. Experi-
mental data extracted from the figure have been presented in Table 3. Initial values
of oxygen uptake was about 2.2 1 min-I in all the five grades of work. Mechanical
workload has been expressed in kpm min-J and ranged from 1650 to 2700 kpm min-I.
However, since yw represents the energy requirement of the exercise, we have made
use of the conversion table given by Astrand and Rodah)i4. The same has been
215Biomathematical Study of the Kinetics of Energy Output
Table 3. Experimental data on a single subject (Ym = 4.1 1 mIn-i and Yo = 2.20
lmin-i. (Data from Astrand and Rodahl).
Endurance
time to
(min)
S.No. Workload
(kpm mn-l)
Time to
reach Vo
2
max tm
(min)
(est)
Yw
(/min-I)
t
(mill)
y y
(lmin-l) (lmin-}.)
(obs) (est)
1. 2700 6.53 2.75
3.93
4.10
3.52
3.82
4.10
2.50
3.44
3.75
3.95
4.10
3.37
3.63
3,85
3.93
4.00
4.10
2.65
3.18
3.34
3.59
3.62
3.75
3.80
2.76
3.76
4.43
3.40
3;92
4.32
2.54
3.14
3.58
3.92
4.36
3.34
3.71
3.89
4.02
4.07
4.10
2.60
3.13
3.44
3.61
3.71
3.81
3.82
1.76 1.040.25
0.80
1.30
0.75
1.20
1.65
0.25
0.75
1.25
).75
2.75
1.50
2.50
3.33
4.27
4.75
5.25
0.50
1.50
2.50
3.50
4.50
6.50
7.50
2.30 1,395.73
3.00 2.102100 4.96
6.00 5.234.21
8.00 (Submaximal)s. 1650 3.85
6
5
I c
.-"E
>- 3
l1J
y
~ 2
0.
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z 1
l1J
l:>
>-
x
o 0-
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Figure 5. Relationship between oxygen uptake and workload for bicycle ergo.
meter. (Data from Astrand and Rodahl 1970)
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shown in Fig. 5, in which required oxygen uptake in 1 min-I has been plotted against
workload in kpm min-I. The r elationship is practically linear although a slight
curvature is perceptible. We ha ve therefore fitted a second degree equation to the
points by the least square method and the resulting equation is
yw = 1.52 ?< 10-7 W2 + 1.895 x 10-3 W + 0.305 1 min-I (30)
where w is the mechanical workload in kpm min-1. The regression line is also
shown in Fig. 5 indicating a nearly perfect fit. The values of )'w corresponding to the
five experimental workloads as derived from Eqn. (30) have also been shown in
Table 3 alongwith endurance time.
To estimate the value of k, the values of y should not be tOo close to yw, for other-
wise the error is magnified as will be clear from an inspection of Eqn. (28). There is
no problem in the case of supermaximal work. In the case of submaximal or near
maximal work, we note that most of the growth of oxygen uptake curve is accompli-
shed within 4 min from the start of the exercise. As such for estimation of k, we
have used the values of y, i.e., oxygen uptake for t < 4 min. Further we have used all
values of y < .Vm, i.e., V 02 max. The values of k obtained by this method for each
workload are given in Table 4.
Table 4. Estimation of rate constant k from observed (t, >:) values for different
workloads.
S.No. Workload
(kpm. min-I)
Rate constant k
(min-I)
1.
2.
3.
4.
~
2700
2400
2100
1800
1650
0.615
0.555
0.635
0.531
0.530
It may be noted that k is reasonably independent of the workload. As such we
have pooled all the data and estimated k with the help of Eqn. (28). The values of k
thus obtained is 0.556 min-I. The equation relating y to t becomes
y = Yw-(Yw-2.2) exp (-0.556) 1 min-I (31)
The curve representing Eqn. (31) has been shown in Fig. 6 a1ongwith the experi-
mental points. The fit is reasonably good indicating thereby that the proposed
theoretical approach is justified. The estimated values of y from Eqn. (31) have been
compared to observed values of y in Table 3. The correlation coefficient between the
observed and estimated values of y works out to be 0. 99 which is highly significant
(P < 0.001).
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Figure 6. Theoretical cu!ve and experimental points for a single subject at five
different workloads. (Data from Astrand and Rodahl 1970).
5. Discussion
The principal aim of the present study has been to lay down the biomathematical
basis for understanding the kinetics of oxygen u'ptake during exercise of all grades
from submaximal to supermaximal. The mathematical description of the rate of
energy production during exercise as given by Eqn. (4), is based on the assumption
of the stochastic independence and identicalness of the underlying increments of the
energy production and homogenity with respect to time structure in which the system
operates (GoldI5), Equations have been derived relating to the rate of energy produc-
tion and its aerobic and anaerobic components with time after the onset of exercise,
in different grades of exercise Validation of all the equations has not been possible
due to paucity of data. However the general theory is substantially validated with
the available data on submaximal and supermaximal exercise. In Fig. 3 for a fixed
grade of submaximal exercise on bicycle ergometer, average of experimental data of
O2 uptake on six Indian male subjects have been plotted alongwith the theoretical
curve with rate constant k equal to 0.650 min-i. In Fig. 6 data on a single subject
for five different workloads have been plotted alongwith the theoretical curve with k
equal to 0.556 min-i.
Both the figures appear to justify the proposed theoretical approach. From an
inspection of the values of k for supermaximal workloads, it is found that the rate
constant is independent of the intensity of work and thus agrees with Margaria et,al,9
Diprampero et aP3. This is howeyer in contrast with Whipp et apo and Hagberg
et a/ll. The reason for disagreement is possibly the duration of exercises, in which the
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steady state V 02 is not reached at supermaximal workloads. We have therefore
replaced steady state oxygen uptake by energy -requirement of the workload i.e. yw as
calculated from Astrand et aP4. The close agreement between observed and estimat-
ed values of oxygen uptake validates this contention.
The higher value of k corresponds to the subject group having lower value of V 02
max (2.45 I min-1) while the lower value of k corresponds to a higher value of V ° max
2
(4.10 I min-1). This may be due to differences in ethenic origin. Increase in physical
fitness level means an improved oxygen carrying capacity by the human system.
Improved oxygen carrying capacity of the system entails a higher rate constant from
Fig. 1 which implies lower oxygen debt. The dynamics of Eqn. (13) reveals that
increase in physical fitness level would mean greater ym which will improve endurance
time tm.
In the case of supermaximal exercise, Eqn. (13) enables us to predict t,n. the time
to reach Vo max. The computed values of tm have also been presented in Table 3.
2
It will be seen that the values of tm are quite close to the values of endurance time,
differences lying between 0.7 to 0.9 minutes. This suggests a practical application of
k for predicting endurance capacity.
It can thus be concluded from the available data that the rate constant in the
kinetics of oxygen uptake (energy expenditure) is independent of work intensityat
supermaximal workloads and is likely to depend on the physical fitness of the subject.
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